In a recent paper [Bardyn et al. Phys. Rev. X 8, 011035 (2018)], it was shown that the generalization of the many-body polarization to mixed states can be used to construct a topological invariant which is also applicable to finite-temperature and non-equilibrium Gaussian states of lattice fermions. The many-body polarization defines an ensemble geometric phase (EGP) which is identical to the Zak phase of a fictitious hamiltonian, whose symmetries determine the topological classification. Here we show that in the case of Gaussian states of bosons the corresponding topological invariant is always trivial. This also applies to finite-temperature states of bosons in lattices with a topologically non-trivial band-structure. As a consequence there is no quantized topological charge pumping for translational invariant bulk states of non-interacting bosons.
I. INTRODUCTION
Topological states of matter have fascinated physicists for many decades as they can give rise to phenomena such as protected edge states and edge currents [1] , quantized bulk transport in insulating states [2] [3] [4] [5] [6] [7] and exotic elementary excitations [8] [9] [10] . Recently, several attempts were made to generalize the concept of topology to finitetemperatures and to non-equilibrium steady states of non-interacting fermion systems [11] [12] [13] [14] [15] [16] [17] [18] . This has been done for fundamental reasons and because of the intrinsic robustness of steady states of driven-dissipative systems. Integer quantized topological invariants such as the winding of the Berry or Zak phase [19] [20] [21] [22] or the Chern number. Famous examples for this are the charge transport in a Thouless pump [4, 6, 23] or the Hall conductivity in Chern insulators [2, 3, 7, 8] . For finite temperatures or under non-equilibrium conditions these quantities are no longer quantized [24] . Furthermore, defining singleparticle invariants becomes difficult as the system generally is in a mixed state. While for one-dimensional systems generalizations of geometric phases to density matrices based on the Uhlmann construction [25] can be used [13, 15] , their application to higher dimensions [14] is faced with difficulties [26] .
In a recent paper [18] , it was shown that the winding of the many-body polarization introduced by Resta [27] is an alternative and useful many-body topological invariant for Gaussian states of fermions. The polarization of a non-degenerate ground-state |ψ corresponding to a filled band of a lattice hamiltonian with periodic boundary conditions is the phase (in units of 2π) induced by a momentum shiftT P = 1 2π Im log ψ T ψ .
T shifts the lattice momentum p k = 2πk/L of all particles by one unitT
, where L is the number of unit cells and α a band index. As shown by King-Smith and Vanderbilt [28] , expression (1) for a filled Bloch band is identical to the geometric Zak phase φ Zak of this band.
P can straightforwardly be generalized to mixed states ρ and defines the ensemble geometric phase (EGP) φ EGP :
φ EGP = Im log Tr ρT .
As shown in [18] , the EGP of a Gaussian density matrix is reduced to the ground-state Zak phase of a fictitious Hamiltonian in the thermodynamic limit L → ∞.
The symmetries of this fictitious Hamiltonian determine the topological classification [12] following the scheme of Altland and Zirnbauer [29] [30] [31] . A phase transition between different topological phases occurs when the gap of the fictitious Hamiltonian closes where Tr{ρT } = 0. The many-body polarization is a measurable physical quantity [18] and its quantized winding has direct physical consequences. E.g. it can induce quantized transport in an auxiliary system weakly coupled to a finitetemperature or non-equilibrium system [32] . Since in the case of finite temperatures the gapfulness of the manybody state is no longer given, the question arises whether bosonic Gaussian systems can show non-trivial topological properties as well.
In the present paper we show rigorously that topological invariants based on the many-body polarization are always trivial for Gaussian states of bosons. As a consequence there is e.g. no protected quantized charge pump for bosons under periodic, adiabatic variations of system parameters. This also means there is no analogue to the quantization of the Hall conductance for non-interacting bosons.
II. THE BOSONIC RICE-MELE MODEL
Bloch hamiltonians with a topologically non-trivial band structure can lead to non-trivial many-body invariants of non-interacting fermions if all single-particle states of the corresponding band(s) are filled. In such states the many-body polarization can show e.g. a nontrivial winding under cyclic parameter variations. Surprisingly, the latter property survives at finite temperatures, i.e. even if the considered band is no longer fully occupied. Therefore one may ask if the many-body polarization can show non-trivial behavior in the case of
non-interacting bosons?
To illustrate what happens in such a case let us consider one of the simplest 1D lattice models with singleparticle topological properties, the Rice-Mele model (RMM) [23] . It has a unit cell consisting of two lattice sites with different on-site energies ±∆ and describes the hopping of particles with alternating hopping amplitudes t 1/2 (see inset of Fig.1) . The hamiltonian reads
whereâ j ,b j are particle annihilation operators at the two sites of the jth unit cell and we assume periodic boundary conditions. This model is well-known to have a nontrivial winding of the Zak-phase [21] 
of any of the two subbands n = 1, 2 upon cyclic variations of the parameters ∆, t 1 − t 2 encircling the origin (∆ = 0, t 1 = t 2 ) where the band gap closes. Here |u n (k) are the single-particle Bloch states of the nth band at lattice momentum k. Performing such a loop adiabatically, one can induce bulk transport if one subband is filled with fermions. At the same time also the many-body polarization shows a non-trivial winding which, as shown by King-Smith and Vanderbilt, is strictly connected to the winding of φ Zak [28] . Let us now consider the bosonic analogue of the RMM. To be specific, let us assume the parameterization t 1/2 = t 0 ± δ(t) /2, ∆(t) = A cos(2πt/T ), δ(t) = B sin(2πt/T ) and t 0 = B, where T is the time of one cycle. If initially only one unit cell is occupied, the center of mass of the wavepacket moves by exactly one unit cell after a full cycle. This is because this special initial state has equal amplitudes in all momentum eigenmodes of the band. The situation is very different however, when we consider a translationally invariant, periodic system, where the many-body state returns to itself after a full cycle modulo a phase factor. For t = 0 and A B such a translationally invariant state of lowest energy with average occupation of one per unit cell is the product of coherent states
corresponding to the a and b sites respectively. Since the hamiltonian is quadratic, the state remains a product of coherent states at all times
Let us now consider the particle transport after a full period T of the topological pump. In Fig. (1) we have shown the integrated particle flux through the nth unit cell
for different values of the rescaled cycle time RT where R = A = B. One notices that there is a net particle transport but it can take on vastly different values and is not quantized after an integer number of cycles. Thus quantized transport requires fine tuning of the initial state and is completely absent when an initial state is considered that is invariant under lattice translations.
Since the polarization (1) is the phase of a complex function (modulo 2π) it can only change by an integer valued amount upon a full cycle of evolution, provided there are no transitions to other states. The latter can be guaranteed by an adiabatic evolution. Since for any finite system there is a finite-size gap, adiabatic evolution is possible by a sufficiently large cycle time. One finds that the polarization winding of the bosonic Rice-Mele model always vanishes. In fact one can easily calculate the polarization at any time t exactly. Fixing the gauge, i.e. fixing the origin of the spatial coordinate on the circle of length L, one finds
where we have evaluated the unitary operatorT in normally ordered form given bŷ
The polarization is therefore constant in time. Clearly, there is no connection between the particle flux and the change of the many-body polarization. But it is even more surprising that the latter does not wind irrespective of the path taken in parameter space. We will show that the absence of polarization winding is a generic feature of Gaussian bosonic systems which is in sharp contrast to the fermionic analogue.
III. POLARIZATION FOR BOSONS
The goal of this section is to calculate the expectation value of the unitary operator
for an arbitrary Gaussian state. Here a † r,s , a r,s are bosonic creation and annihilation operators respectively, where r = 0, . . . , L−1 labels unit cells and s = 0, . . . , n−1 internal sites in the unit cell. 0 ≤ s n < 1 and we have set the lattice constant equal to unity. The results of the following discussion do also not depend on the dimension of the system nor the total number of particles. We note that the operatorT is not gauge invariant because it changes under an arbitrary shift of the origin of the spatial coordinate system. Throughout this paper we choose a coordinate system in which exp 2πi L (r + s n ) = 1 for any r, s.
We consider a general bosonic Gaussian state [33, 34] ρ which can be formally expressed in diagonal form (Glauber-Sudarshan representation [35, 36] ) in terms of multi-mode coherent states
where
being the real and imaginary parts of the coherent amplitude
Here 1 1, α = (α 1,r , α 1,i ), (α 2,r , α 2,i ) . . . and η = (η 1,r , η 1,i ), (η 2,r , η 2,i ) . . . represent the identity matrix and real vectors respectively with dimension 2nL (note that nL is the number of bosonic modes of the problem). N is a normalization constant ensuring that d 2 α P (α) = 1. The explicit form of N is not relevant for our purposes.
Hereq =â +â † andp = −i(â −â † ), and xy = xy − x y . V is a real and symmetric matrix by construction and is also positive definite due to the Heisenberg uncertainty principle. P is positive and well defined if furthermore V > 1 1. In this case the state is a statistical mixture of coherent states i.e. is a classical state. A quantum state is considered to be nonclassical if it cannot be written as a statistical mixture of coherent states. In this paper we consider more general bosonic Gaussian states (A good introduction to bosonic Gaussian states can be found, for example, in [33] ).
P (α) can be used to evaluate the expectation value of any normally ordered operator function : f ({â † µ ,â µ }) : by the replacement (â † → α * ) and (â → α) and integration. The P function may be singular and can attain negative values. All integration with P (α) must therefore be understood in the distributional sense.
Using eq.(9) we find
where U is a unitary operator
According to our assumption (exp 2πi L (r + s n ) = 1), 1 1 − U is an invertible symmetric complex matrix. In addition, its real part 1 1 − U+U † 2 is positive definite. In this case the Gaussian integral (14) over α is well-defined and is proportional to [det (1 1−U)] −1/2 . We note that when the matrix is complex, the calculation of the square root requires some special care. However, one can show that any symmetric complex matrix has a unique symmetric square root whose real part is positive definite [37] . After successive integration over α and then over η we eventually obtain
where N 2 is a positive number and M = V − 1 1 + 2(1 − U) −1 . Substituting this expectation value into the expression of the many-body polarization (1) one obtains
One can show that the second term in eq. (17) is a single valued function of system parameters and therefore does not contribute to the change of polarization. In the next section we will show that the first term in eq. (17) vanishes in the thermodynamic limit of infinite system size L → ∞.
IV. POLARIZATION IN THE THERMODYNAMIC LIMIT
In Ref. [18] it was shown that the polarization of a general Gaussian mixed state ρ of lattice fermions at commensurate filling can be written as a sum of the polarization of a pure state |ψ plus a term that vanishes in the thermodynamic limit of infinite system size L → ∞.
Here |ψ is the many-body ground state of the so-called fictitious hamiltonian. In the following we will assume that the second term in eq. (17) vanishes and show that the remaining term in the bosonic case yields
For simplicity we restrict ourselves to the simplest nontrivial case of a two-band model, e.g. resulting from a tight-binding hamiltonian with a unit cell of two lattice sites. The generalization to the case of multiple bands is however straight forward. We introduce the Fourier transform given by the uni-
As a consequence of the periodic boundary conditions the covariance matrix V is block-circulant. Since the model has lattice translational invariance, the covariance matrix is diagonalized by the Fourier transform and we can write:
where ⊕ denotes the direct sum which constructs a block diagonal matrix. Since V is positive definite, the resulting k-dependent 4 × 4 blocks have eigenvalues λ
with absolute values obeying
The maximum absolute eigenvalue will let us introduce an upper bound:
The transformed unitary matrix U, given by eq. (15), is:
To make the following expressions more compact, we fur-
The determinant in eq.(17) can thus be written as
This block determinant can be reduced by applying Schur's identity iteratively. This yields a determinant of dimension 4 × 4:
According to eq.(24), a single matrix m k is bounded and thus the product of matrices must be bounded as well, i.e.
. We split off the maximum absolute eigenvalues A ≡ λ −L max k m k such that |Tr(A)| ≤ 4 and define a small parameter ≡ 4λ L max . We can then express the polarization P by expanding the determinant and logarithm in this small parameter:
With this we find the following system-size scaling of the polarization for Gaussian bosonic states
Since we know that 0 < λ max < 1, the small parameter vanishes exponentially in L,
Therefore, as the system approaches the thermodynamic limit, the first term of the many-body polarization in eq. (17) vanishes exponentially and only the topologically trivial second term remains. This is not only true for the strict limit L → ∞, but can be extended to finite system sizes as well. We can always find a sufficiently large but finite L where the exponential bound yields − . This condition prohibits a winding of the polarization for all L ≥ L and since the polarization must be quantized over one adiabatic loop, its change is zero.
V. POLARIZATION WINDING
In one-dimensional lattice systems with a Hamiltonian or a Liouvillian which depend on an external parameter λ in a cyclic way, the winding of the EGP or the manybody polarization with λ defines a topological invariant:
In two-dimensional translational invariant lattice models a similar construction defines a Chern number. E.g. introducing particle number operators in mixed real and momentum space by performing a discrete Fouriertransformation in one direction, (e.g. y),â j (k y ) ∼ lâ j,l exp(2πilk y /L), one can define a momentumdependent polarization (where we have suppressed band indices for simplicity)
(31) The winding of P (k) when going through the Brillouin zone in k defines a Chern number
If we consider the polarization in a Gaussian mixed state of bosons ρ(λ), which is uniquely defined along a closed path of the parameter λ in parameter space, we can argue from eq. (29) that the winding of the many-body polarization vanishes for a sufficiently large but finite system size L. In the following we will explicitly show that this holds true independently of the system size. Let us assume that the polarization is a function of two real parameters which change cyclically in time from 0 to T . Then the change of the polarization between times t = 0 and t = T can be described as a loop along a closed path C in parametric space. The two parameters can be combined into a complex variable χ. Thus the change of polarization can be written as
Moreover, using
(34) we derive the following expression for ∆P
(35) Now we are ready to proof that the change of polarization vanishes for any bosonic Gaussian state. For that we first review some facts about zeros of determinants of holomorphic matrix-valued functions (for more details see [38] ).
Let F (χ) be a matrix-valued function that is analytic in a domain C. Under the assumption that all values of F (χ) on the boundary C of C are invertible operators it is possible to show [38] that
is the number of zeros of det F (χ) inside C (including their multiplicities). Combining this with equation (35), we obtain
where M is the number of solutions (zeros) of
inside the closed path C in parametric space. In order to estimate M, we use a generalization of Rouche's theorem for the matrix valued complex function [38] , which states: Rouche's Theorem: Let C be a closed contour bounding a domain C. If F (χ) < 1 on C then 1 2πi
Tr
Applying Rouche's theorem to our problem, where
we see that for any V > 0, i.e. for any Gaussian bosonic state
Therefore the change of polarization is equal to zero, irrespective of the system size.
This proofs that for any bosonic Gaussian state the total change of the many-body polarization along a closed path in parametric space is zero. This is in sharp contrast to free fermion systems in which the winding of the manybody polarization is a topologically quantized observable and can be non-trivial.
VI. CONCLUSION
We have shown that the many-body polarization of translationally invariant Gaussian states of bosons consists of two contributions. The first one is always topologically trivial, whereas the second one approaches zero in the thermodynamic limit of infinite system size. Its winding upon a cyclic change of the state, which in the case of fermions defines a many-body topological invariant, vanishes for any system size. Thus many-body topological invariants based on the polarization are always trivial in finite-temperature states or Gaussian non-equilibrium states of non-interacting bosons. This is also the case if the band structure of the underlying lattice hamiltonian is topologically non-trivial, i.e. possesses bands with a non-vanishing Chern number. As a consequence there is e.g. no topologically protected quantized charge transport of Gaussian states of bosons and the latter requires strong interactions [39] .
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